In special relativity, testing for spatial anisotropy usually means testing for anisotropic propagation of light. This paper explores a different possibility, in which light is still assumed to propagate isotropically in all frames with an invariant speed, yet other physical effects exhibit a direction dependence. If spatial isotropy is not assumed in the derivation of the coordinates transformations, the resulting equations differ from the Lorentz relations by an additional
Introduction
The theory of special relativity is usually said to derive from two assumptions. First, the principle of relativity, which denies privileged status to any inertial frame; second, the postulate of the constancy of the speed of light, which stipulates that this velocity is independent of the velocity of the emitter and of the receiver.
Several works have tried to test the validity of these assumptions by creating alternative theories in which they are violated to some degree or other. These test theories of special relativity were naturally centered on possible violations of either the principle of the constancy of light [1] or the principle of relativity [2, 3] .
It has long been known that the special theory of relativity is not actually based on these two assumptions alone, however [4] . One must also add space homogeneity and isotropy. These symmetries had long been held to be so fundamental as to be almost beyond need of verification. Indeed, Einstein did not even mention them as separate assumptions in his original paper [5] , though he later admitted they were necessary.
The discovery of parity violation [6, 7] significantly altered this attitude. The idea that even apparently fundamental symmetries of the universe can be broken has found many uses and has gained wide acceptance. Most of these symmetries are highly formal, however, and the fundamental symmetries of space-time, homogeneity and isotropy, remain unexamined to a large extent.
Because the theory of special relativity itself is based on a rethinking of basic concepts of space and time, it represents the natural seeting in which to explore possible violations of these fundamental symmetries. It is also a theory that remains fundamental to our description of the universe. It is therefore natural to explore whether giving up on the exactness of these symmetries appears has any measurable effect in this theory.
This step markedly differs from other attempts at changing the basic assumptions of special relativity (SR). Initially, the principle of relativity seemed to be more obvious, because of its long history in classical mechanics, and verification of SR concentrated on the postulate of the constancy of the speed of light. It soon became clear that while the constancy of the two-way speed of light (measured along a closed path) is directly testable empirically, the one-way speed of light is another matter entirely. Measurements of this speed require a clock synchronization procedure, and the conventional character of such a procedure has given rise to an extensive literature [8, 9, 10] .
Edwards formulated a theory in which the one-way speed of light could be anisotropic, with values that depended on direction [1] . The interpretation of such theories is delicate, however, because the time parameter that appears in the equation may not be directly related to the time experimentally measured by clocks. This happens because experimentally, one needs to synchronize clocks at different locations and the choice of synchronization method determines the relation between measured time and the time that appears in the transformations. It turns out that when this is done, Edwards's theory is empirically equivalent to standard special relativity [11, 12] . In this sense, Edwards's theory is not a true test theory of special relativity.
A true test theory was formulated by Robertson [2] and generalized by Mansouri and Sexl into the currently best known test theory of SR [3] . Mansouri and Sexl point out that the principle of relativity is less obvious than was previously thought because cosmological consideration seem to single out a special frame of reference, i.e., the frame in which the cosmic background radiation is isotropic. They then explore the consequences of violating the principle of relativity by assuming the existence of a single system in which synchronization by infinitesimally slow transport of clocks coincides with synchronization by light signals. That chosen frame is the only one in which the speed of light turns out to be isotropic. In all other frames, it depends on the direction of propagation. Unlike in Edwards's theory, this effect cannot be eliminated by some appropriate choice of synchronization procedure and represents a true physical difference between the preferred frame of reference and all the others.
Thus, in the Mansouri-Sexl theory, anisotropy always means anisotropy of the speed of light in some frames of reference. It has become usual to identify this effect with the very notion of spatial anisotropy in SR. The present paper takes a different view, one that is in some sense the opposite (or the complementary) of the Mansouri-Sexl one.
In all previous modification of SR, one assumes that space-time homogeneity and isotropy hold, and tests for the influence of variations in the speed of light on the theory. This paper proceeds in the exact opposite manner. I hold on to Einstein's postulates, viz, the relativity principle and the constancy of the speed of light in all reference frames, but give up spatial homogeneity and isotropy. It must be noted that accordingly, the speed of light is assumed to be isotropic in all frames. Acording to the normal usage of the term "spatial anisotropy" in the context of special relativity, this would appear to be begging the question, since only the speed of light is ever assumed to be anisotropic in standard test theories.
There is no logical reason why it must be so, however. Standard relativity theory endows the speed of light with unique properties. Obviously, that its value is frame-invariant does not mean that all other velocities or physical quantities are also frame-invariant, quite the reverse. The same will be shown to be the case here. The speed of light has unique properties. While its value is assumed not to depend on orientation, we will see that other properties do. Thus, I will show that the two postulates of special relativity allow for a more general form of Lorentz transformations that make length contraction and time dilation direction-dependent, even though the speed of light is not. In this sense, we are truly testing for the possible anisotropy of space, not for the anisotropy of light propagation.
The structure of the paper is as follows. Section 2 starts with the most general coordinate transformations that are compatible with the principle of relativity, assuming neither space-time homogeneity, isotropy nor the principle of constancy of the speed of light. The technical details of this somewhat lengthy but straightforward derivation appear in the appendix. These transformations are then combined with the requirement that the speed of light be identical in all reference frames. This yields automatically linear and hence homogeneous equations, which shows that adding space homogeneity to the Einstein postulates is redundant. Section 3 completes the derivation of the one-dimensional transformations by requiring that they form a group. Section 4 extends the result to three dimensional space and contains the final transformations. These turn out to differ from the Lorentz equations by a velocity dependent factor. The dependence on spatial orientation is expressed by an anisotropy exponent κ that vanishes if space is isotropic. Its basic properties and implications are explored in section 5. Section 6 then examines the doppler effect within such a theory in order to suggest a possible method of measuring the exponent κ. The paper concludes with a summary.
Constancy of the speed of light
We seek the most general coordinate transformations from one inertial frame S to another, S', which verify Einstein's two postulates, namely the principle of relativity and the principle of the constancy of the speed of light.
The first requirement is that inertial (uniform) motions in a frame of reference S be transformed into inertial motions in another frame S'. The most general inertiality-preserving coordinate transformations are the Fock-Lorentz transformations. The appendix contains a new derivation of this result, which makes use of more elementary mathematics than the one provided by Fock [13] . The transformations are:
where p 1 , p 2 , B, q 0 , q 1 , q 2 are all arbitrary constants that must now be determined from additional assumptions. The result Eq. (1) is completely general, in that it does not assume either homogeneity or isotropy of space. The usual procedure is to impose these two additional conditions and then add the requirement that the velocity of light be invariant in all frames. This yields the Lorentz transformations.
I ignore space homogeneity and isotropy, and instead impose only the condition that the velocity of light be identical in all frames, independently of any properties of the light source or of the observer. Thus, in the frame S, any light signal propagating along the x-axis will be described as
where the ± sign follows from the requirement that any light signal travel at the speed c, irrespective of its direction. By inserting Eq.(2) into the general transformations, Eqs. (1), we obtain:
The principle of the constancy of the speed of light requires that the same light signal be described, in the S ′ -frame, as
where the constants b ± may differ for each direction of propagation. Substituting the transformations Eqs. (3) into Eq.(4) yields the relation:
Comparing the time dependent and time-independent terms on both sides, we find that:
Eq. (6) shows that if x 0 = 0, b ± also vanishes. Substituting this into Eq. (7), we find
The right hand side follows from the equations obtained by taking separately the plus and minus signs. Returning to Eq. (7) and substituting the values of p 1 and p 2 , we find immediately that for any b ± ,
Again, the relations follow from a comparison of the plus and minus signs in the terms.
The coordinate transformations now become
Finally, by definition, the origin of the S'-frame, x ′ = 0, moves with respect to the S-frame at a speed v, which immediately implies that
and thus,
Note that these transformations are linear, and that this was obtained without assuming spatial homogeneity. In the standard derivation of the Lorentz equations, it is the homogeneity of space that guarantees the linearity of the equations [4] . Thus, homogeneity turns out to be redundant, and the linearity is actually guaranteed by the principle of the constancy of the speed of light on its own.
The form of the remaining parameter q 0 (v), which clearly may depend on v, is fixed by the requirement that these transformations should form a group.
Group property
Let us introduce a third frame, S", which moves with velocity u ′ with respect to the S'-frame. The transformation from S' to S" now reads
Combining these transformations with the transformations from S to S', Eqs. (12), we obtain the relations
The group property requires that this should be identical with the direct transformation from S to S",
where u is the velocity of the S"-frame with respect to the S frame. Comparison of this expression with the combined transformation, Eq. (14), shows immediately that we must have
and the relation
Eq.(16) is the standard relativistic velocity addition formula. Thus, this formula does not require either spatial homogeneity or isotropy. It follows from only two assumptions, the principle of relativity and the principle of the constancy of the speed of light. No additional spatial symmetries are required.
On the other hand, q 0 differs from the Lorentz form. Note first that if we choose u ′ = 0 in Eq.(17), we find that
Keeping the velocity v as a constant parameter, let us define a new variable, ǫ, as
where the rightmost side is obtained from Eq.(16). Let us define a new function η(v) by
Eq.(17) now becomes
Finally, we can form the derivative of η(v) by taking
Using the fact that η(0) = 0, we obtain immediately:
The derivative of η(v) at v = 0 is a constant that we can denote as
where κ is some constant. It is important to note that κ does not depend on v and is therefore frame-invariant. Eq. (23) is immediately integrable and yields:
From the definition of η(v), Eq.(20), we finally obtain the form of q 0 :
Final transformations
Next consider the transverse axes. Let a light signal be emitted in a diagonal direction in the x-y plane from the origin of the frame S at a time t 0 = 0. The position of a point on the wavefront is (ct, x, y, 0) when observed in the S frame, and (ct ′ , x ′ , y ′ , 0) when observed in the S' frame. Since the speed of light is invariant, we must have that
Substituting the transformations for x ′ and t ′ from Eq. (12) and comparing with the first of Eqs.(27), we obtain
Using Eq.(26) for q 0 (v), we obtain the final form of the transformations:
where β = v c , as usual. The transformation for z ′ is obtained in the same way we obtained the transformation for y ′ . These transformations differ from the Lorentz transformations, but one may wonder whether the difference is not merely conventional. As mentioned above, this is what happens in the Edwards theory, where a different synchronization procedure leads to apparently different transformations, but these involve a non-observable time parameter [1] . This time parameter must then be related to observable time via the definition of a proper synchronization procedure. Once this is done, the Edwards theory turns out to be empirically equivalent to SR [11, 12] . This is not the case here, however. The standard synchronization method is the Einstein convention, which uses light signals. Since test theories of SR alter the postulate of constancy of speed of light, this method is no longer directly usable in the new theories. This is why care must be taken to relate the time parameter that appears in the transformations to the experimental time measured by synchronized clocks. Here, on the other hand, the postulate of constancy of the speed of light remains untouched. Thus, the one-way speed of light is isotropic by definition, and the Einstein clock synchronization procedure is applicable. This means that the time obtained in the transformations is directly measurable. In Eqs.(29)-(32), all relevant parameters represent true physical quantities. The difference with the Lorentz transformation represents an actual physical effect, therefore, and cannot be eliminated merely by a change of conventions.
Properties of κ
The Lorentz transformations are recovered if we set κ = 0. If κ does not vanish, however, its value will in general depend on the choice of the x-axis.
Let S' be a frame moving at a velocity v in the positive x direction with respect to the frame S. The x-axis and x'-axis are parallel. Consider an event E happening at a space-time point (ct, x) in the S-frame. In the S'-frame, the position of the event is given by Eq.(29). Now let us rotate the frames by π radians. Denote the rotated S-frame by S R and the rotated S'-frame by S ′ R . We do not reverse the direction of motion of the frame S', and consequently, β R = −β. The event E now takes place on the negative x-axis, so that x R = −x and x ′ R = −x ′ . Clearly we have that
Substituting the values of x R and β R into Eq.(33) yields now
Comparison with Eq.(29) shows immediately that
Thus, we see that if the exponent κ does not vanish, its value depends on the orientation of the x-axis. This means that the exponent κ represents a measure of the anisotropy of space.
Since κ changes sign under a rotation of π, there must be at least one specific direction in space for which κ = 0. Along this axis, standard special relativity is valid without any alterations. Let us then denote by θ the angle of any other direction with respect to this preferred axis. Eq.(35) can now be rewritten as
which is necessarily a symmetry of the anisotropy exponent.
As one motivation for their work, Mansouri and Sexl mention that cosmological considerations hint at the special status of a specific reference frame, namely that frame in which the background cosmic radiation is isotropic. It is tempting to think of the present work in similar terms, i.e., the idea that there might be a preferred frame in which physics is isotropic, with other frames exhibiting anisotropy via the scaling factor 1 − β 1 + β κ . Such an interpretation would be incorrect, however. First, contrary to the Mansouri-Sexl theory, the present work assumes the validity of the principle of relativity, and hence the equal status of all reference frames. If the anisotropy of physical effects were frame-dependent, this would violate the relativity principle. Second, the anisotropy exponent, κ, was found to be independent of the velocity of the frames. Thus, it is a frame-invariant quantity. If space is anisotropic, therefore, this is not an effect that can be eliminated by transferring to some proper frame of reference. The effect will show up identically in all inertial frames.
One may think that this is an unlikely state of affairs. It would seem at first sight far more likely that there exists a cosmologically preferred frame of reference in which all directions are equivalent, with other frames exhibiting anisotropy with respect to the preferred frame, depending, e.g., on the direction of motion of the frames.
The present analysis does not forbid such a state of affairs. Instead, it proves that if anisotropy is frame-dependent, the speed of light cannot remain frame-independent. In other words, if there exists a frame-dependent anisotropy, the speed of light will exhibit a similar frame-dependence dependency. This is basically the situation covered in standard test theories such as the MansouriSexl theory. The present work seeks to investigate the more radical possibility that there exists a physical difference between directions in space, that cannot be erased by selecting an appropriate frame. However unlikely one may think this is, it is worth verifying, and Eqs.(29)-(32) offer a numerical assessment of whether and to what extent such a preferred direction might exist.
Clearly we expect κ to be small, otherwise we would likely have noticed its effects already. Any non-zero value of κ will only appear in high-precision experiments, therefore. Note again that according to Eq.(16), effects depending on velocity addition are isotropic, and thus cannot serve to measure κ. Since some optical measurements can be made to a very high precision, however, it would appear that this is a convenient field in which to search for the effects of spatial anisotropy.
There is unfortunately no reliable way to extract bounds on the value of κ from present measurements, however precise. The reason is Eq.(36), which implies that there is at least one direction in space along which κ = 0. Thus, a single experiment will never provide reliable bounds on κ because one cannot discard the possibility that the experiment was performed, by chance, in the direction of vanishing anisotropy exponent. For the same reason, one cannot extract a bound on κ from existing data, since the direction in which the experiments were set up is not typically recorded. A proper measurement of κ requires a setup in which the direction of measurement can be varied, and the results compared for different orientations. it is the variation of the value of κ in space that would provide the signal test for the existence of spatial anisotropy.
Measuring κ through the Doppler shift
One convenient possibility of measuring κ is through the Doppler shift. Consider a light source that emits a signal with frequency f 0 in its rest frame S'. Let this rest frame be moving at velocity v with respect to the lab frame S and the light be emitted towards the S observer. The transformation Eq.(32) implies that in the S-frame, the emitted period, T , differs from the rest period T 0 by
The emitter can be chosen as the origin of the frame S', so that its position in the S frame is x = βcT . Substituting this into Eq.(37) yields
In the S frame, the emitted wavelength is λ emit = c/T , but S observes a different wavelength because the distance between two successive crests is shortened by the emitter's motion. The received wavelength λ rec is given by the standard relation
Substituting the value of T from Eq.(38) into this relation yields
where λ 0 = cT 0 is the wavelength emitted in the rest frame. Finally, the frequency that S measures is
Thus, a precise measurement of the Doppler shift along various directions can provide a determination of the isotropy of space. Any deviation of the exponent in Eq.(41) from 0.5 would be a confirmation that space is anisotropic.
As mentioned in the previous section, much more significant would be a scan of the Doppler shift in various directions, while keeping the speed of the emitter, v, constant. A non-vanishing value of κ would reveal itself as a systematic variation of the exponent in Eq.(41), which must verify the symmetry relation Eq.(36). Thus, the exponent should rise slightly as the direction of the motion of the emitter is rotated from the preferred direction along which κ = 0, then dip after completing a half-turn, finally to return to its original value once the circle is complete. A measurement of this (or a similar) effect would provide us with a quantitative estimate of the degree of anisotropy of our universe.
The transverse Doppler shift arises, as in standard relativity, from the changes in frequency only. Thus, if a source S' moves in the x-direction and emits a light signal in the y-direction, the observer in the S-frame will observe a different frequency only because of the time dilation effect, Eq.(38). Hence, the transverse frequency will be observed to be
Because κ depends on the orientation, identical emitters sending pulses of light transversally but along different lines should exhibit a different doppler shift, if the anisotropy exponent does not vanish.
Conclusions
In this paper, I have examined whether a possible violation of spatial isotropy and homegeneity would be detectable. Because these symmetries play a special role in the theory of special relativity, it is natural to examine the implications of their violations in this theory.
I have shown that homogeneity is recovered automatically from the postulate of the constancy of the speed of light and therefore any violation of this symmetry will not show up in the Lorentz transformations or its consequences.
Second, the relativistic rule of addition of velocities is also independent of the assumptions of homogeneity and isotropy, and derives solely from Einstein's two original assumptions. Thus, any effect that derives from this rule will also be impervious to any violation of isotropy or homogeneity.
The coordinate transformations themselves are altered, however, if isotropy is violated. The violation appears as an additional factor that is direction dependent. The standard Lorentz transformations are now multiplied by the term 1 − β 1 + β κ . The exponent κ depends on the direction of the velocity of the frame S', which is chosen to be the x-direction. The exponent changes sign upon a rotation by π radians of the direction of the x-axis. The exponent is frame-independent, however, so the anisotropy under discussion here differs fundamentally from what is expected at present from cosmological considerations. The cosmological frame in which the cosmic background radiation is isotropic holds no particular position here. A non-vanishing κ would show up experimentally even in that frame.
If such an effect does exist, I suggest that a good place to seek it is by checking the doppler shift of emitters moving in various directions. Present data is insufficient to analyse the value of κ because the direction in which the measurement is performed is not recorded. Since there exists at least one direction in space in which κ vanishes, there is no way to assess whether past experiments should exhibit a measurable effect. A proper measurement of κ requires a rotation of the apparatus along a full circle to check for possible variations in the value of the measured quantities.
Should such an effect be discovered, its implications could be profound for the description of our universe. Besides the import of the added terms in the Lorentz transformations, which would extend to every theory based on special relativity, a non-zero value of the anisotropy exponent further implies that there is a preferred direction in our universe along which the exponent vanishes, as noted above. This direction ought then to present further peculiarities of interest, which might open new fields of research in cosmology among others. Now the left hand side must be independent of the time t. The functional forms of G(x, t), α(x), β(x) and a(u, x 0 ) are then completely determined by the requirement that the right hand side must also be independent of t.
To begin with we can eliminate b(u, x 0 ) by setting t = 0 in the right hand side. This yields the relation:
Subtracting this from Eq.(.7), we obtain the relation
This is the fundamental relation from which we can determine the form of all the unknown functions. For simplicity we can further assume that the two frames we compare have been set up so that the time t = 0 is the moment when both origins coincide, and that this is also the moment from which the time t ′ is measured. This implies that at the time t = 0, we have:
Next, set x 0 = 0 in Eq.(.9). Furthermore, since the parameter u is arbitrary, we can define, for any pair x, t, that u = x t . Replacing the parameter u by this ratio and using Eq.(.10), we can isolate the function G(x, t) and express it as:
This reduces the number of unknown functions by one, and leaves us with α(x), β(x) and a(u, 0) still to determine. This is done by noting that the basic relation, Eq.(.9), implies that the right hand side must be independent of time, so that all its derivatives must vanish identically. Retaining only the elements that depend on time, we find that: G(x, t) = β(x) (t + Bx) Ax − δ(x) (t + Bx)
( .18) where we defined the function:
Finally, consider the second derivative in Eq.(.14). After calculating the derivative, we set t = 0 and rewrite x 0 as x, since this is an arbitrary parameter. This yields the expression: where p, q are arbitrary constants. Substituting this back into the expression for G(x, t), Eq.(.18), and using the expression for δ(x), Eq.(.24), we find finally:
G(x, t) = t + Bx q 0 + q 1 t + q 0 x where we define:
(.25)
Of course, since A, B, D, p, q are all arbitrary, the specific definitions of the q i do not matter. These are merely an alternative set of arbitrary constants.
We can now substitute this expression back into Eq.(.5) to obtain the result for x ′ . The final form of the transformation can now be written as:
where p 1 , p 2 , B, q 0 , q 1 , q 2 are all arbitrary constants.
